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(Oriented) Right-Angled Polygon

Definition

o finite sequence (Sp, S1,. .., Sp—1) of (oriented) geodesics in H"

S L Sy1and S 1# S
considering i mod p

in general not planar \
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Delgove & Retailleau (2014)

e right-angled hexagons in H?

@ upper half space model based on quaternions H
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Delgove & Retailleau (2014)

e right-angled hexagons in H?

@ upper half space model based on quaternions H

\

Dotti & D (2018)
e right-angled p-gons in HP~!

@ upper half space model based on Clifford vectors VP—2
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© Clifford Algebra
© Upper Half Space Model
© Cross Ratio

@ Constructing Right-Angled Polygons
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Clifford Algebra C,

Definition

Coi= (i1, | Vi # k2 ijik = =ik ij, if = —1)
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Clifford Algebra C,

Definition

Coi= (i1, | Vi # k2 ijik = =ik ij, if = —1)
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Clifford Algebra C,

C,,SX:ZX/I
)

with x; € R, where the sum ranges over products
=i, -,
withl <k <---<k<n

dimR C,, =2"
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Clifl Algebra C,

Chox= ZX//
!
Three Involutions

o ‘*:ikl"'ikm b—)l'km--'ikl
antiautomorphism

) ‘,2ik1~--l'km'—>(—1)ml'k1-‘~l'km

automorphism
o T — (‘/)* _ (‘*)/

antiautomorphism
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Definition

n
Ch D VMl = X:X0+ijij|)<j€R
j=1
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Definition

n
Ch D VMl = X:X0+ijij|)<j€R
j=1

e real part R(x) := xp
o norm [x|* = xx =37 x7

e invertible with x=1 = %/|x2
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Clifford Vectors V"1

Definition

n
Ch D VMl = X:X0+ijij|)<j€R
j=1

e real part R(x) := xp
e norm |x|? = xx = > im0 x?

@ invertible with x~1 = X/|x|2

Clifford group I',,

group generated by all non-zero Clifford vectors
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Square Root of a Clifford Vector

For x € V"1 \ R define

% o= ‘X‘_‘_X n+1‘
V= e

+,/x are the only two Clifford vectors whose square is x.

If n > 1, there are infinitely many square roots of a negative number x.
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Hyperbolic Space

Upper Half Space Model
H™? = V™ x Ry

Geodesics are half circles orthogonal to the bounding plane or vertical lines

aHn+2 _ Vn-i—l U {OO}

Geodesics can be given by two Clifford vectors (or one o)
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Hyperbolic Isometries

Clifford Matrices GL5 (I'))

with
a,b,c,d eT',U{0};
ab*,cd*, c*a,d*b € V"1,
ad* — bc* € R\ {0}
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Hyperbolic Isometries

Clifford Matrices GL5 (I'))
a b
A= (2 3)

a,b,c,d eI, U{0};
ab*,cd*, c*a,d*b € V"1,
ad* — bc* € R\ {0}

with

SLa(Cp) :

a b " -
{A—(C d>|ad — bc —1}
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Hyperbolic Isometries

SL(C,)

SLy(Cp) = {A = (i Z) | ad* — bc* = 1}

O 1):G )6 ™)

with t € V"1 and a e T".

generated by

\

PSLy(Cy)

PSLy (Cp) := SLa (Cn) / {%/}
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Hyperbolic Isometries

T € PSLy (Cp) acts on V™1 U {oo} = OH"*2 by orientation preserving
Moébius transformations:

T(x):= (ax + b)(cx + d) !

Poincaré Extension

Isom™ (H"*?) = Méb™ (n+ 1) = PSLy(Cp)
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Definition

Let x,y,z,w € V™! be pairwise different.

x,y,z,w] := (x = 2)(x =w) "' (y = w)(y —2)~" € T \ {0}.
Extend the obvious way for one of the variables = co.
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Definition

Let x,y,z,w € V™! be pairwise different.

x,y,2,w] == (x = 2)(x —w) "y —w)(y —2)"' € T\ {0}.
Extend the obvious way for one of the variables = co.

Let T Mobius transformation for A € PSLy(Cy). Then

[T(x), T(y), T(2), T(w)] = (cz+d)* ' [x,y,z,w] (cz + d)*.

[+, -, ]| and R ([-, -, -, -]) are PSLa(Cy)-invariant but not cross ratio itself.
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Cross Ratio of Two Geodesics

Let s = (s7,s") and t = (t~, tT) two geodesics given by their endpoints
o, 15 € GH™? — V1 U {oc).

Definition
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Cross Ratio of Two Geodesics

Let s=(s7,s") and t = (t~, tT) two geodesics given by their endpoints
s, ¢ € 9HM2 = V7 U {oo).

Geometric Meaning

(0. 0]
S t
A
t+
0 1

Simon T. Drewitz (University of Fribourg) On Right-Angled Polygons January 17, 2018 14 /23



Cross Ratio of Two Geodesics

Let s = (s—,s") and t = (t,t") two geodesics given by their endpoints
sttt € OH 2 = VL U {oo}.

Geometric Meaning

o0
S
A
ah
tT 0 1
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Cross Ratio of Two Geodesics

Let s=(s7,s") and t = (t~, tT) two geodesics given by their endpoints
sttt € OH 2 = VL U {0},
Geodesics s and t

o intersect if A(s,t) <0,

@ are orthogonal if A(s,t) = —1.

Simon T. Drewitz (University of Fribourg) On Right-Angled Polygons January 17, 2018 14 /23



Double Bridge

e
s t
A
/\ t+
r- s rt

r L s L t with pairwise different endpoints
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Standard Configuration Double Bridge

o
S t
A
/\ t+
-1 0 1

r L s L t with pairwise different endpoints
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Double Bridge Cross Ratio

Definition

A(r,s, t) = [s+,s_, rt, t+]
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Double Bridge Cross Ratio

A(r,s, t) = [s+,s_, rt, t+]

v

In Standard Configuration

A(r,s,t) = [00,0,L,tT] = (0—tT)(0- 1) =t e V!

A\
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Constructing p-gons in HP~!

Idea of Construction

e parameters {qi,...,qp_3} C VP2

@ correspond to double bridge cross ratio in standard configuration

v

Gauging of Cross Ratios

Let {q1,...,qp—3} C VP~2. Consider

1 .
bi x> /—2qi (x4 q)(x —a) /24
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Constructing p-gons in HP~!

Idea of Construction

e parameters {qi,...,qp—3} C VP2

@ correspond to double bridge cross ratio in standard configuration

v

Gauging of Cross Ratios

Let {q1,...,qp—3} C VP=2. Consider

Gi 1 X — —QCIi_l(X +qi)(x — a) '/ 24
00— —1
oo 1
—qi— 0

qi — 0
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Constructing p-gons in HP~!

Idea of Construction

e parameters {qi,...,qp_3} C VP2

@ correspond to double bridge cross ratio in standard configuration

v

Gauging of Cross Ratios

Let {q1,...,qp—3} C VP~2. Consider

1 .
bi x> /—2qi (x4 q)(x —a) /24
j:=¢iopi—10---0¢

¢t x> V=1l +x)(1 - %)V =aq.
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Deconstructing a p-gon

Let (So,...,Sp—1) right-angled p-gon.

Gauged Double Bridge Cross Ratios

yields a map

{oriented right-angled polygons in HP ™1} — (V”_Q)FF3
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Reconstructing a p-gon

parameters {qi,...,qp—3} € VP72
Q fixSp=(—1,1) and §5; = (0,00)
Q@ S2 = (—q1,q1) since A(Sp, S1,52) = q1
@ use gauging: S3 = (@7 (—q2), 27 (qo))

© use gauging: Sp,_2 = (@;i4(—qp_3),¢;i4(qp_3))
@ last geodesic S, exists and is unique iff A(Sp—2, Sy) & R<g
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Possible Parameters?

Example Pentagon in H*

Parameters g1, q2 € V3 =R+ Ri+ Rj C H
Choose g1 = 2i, g = 2j

e So=(-1,1)

e 51 =(0,00)

e 5 =

0 53 =

e 5=
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Example Pentagon in H*

Parameters g1, q2 € V3 =R+ Ri+ Rj C H
Choose g1 = 2i, g = 2j

e So=(-1,1)

e 51 =(0,00)

o Sy = (—2i,2i)

0 53 =

e 5=
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Possible Parameters?

Example Pentagon in H*

Parameters g1, q2 € V3 =R+ Ri+ Rj C H
Choose g1 = 2i, g = 2j
e So=(-1,1)
e 51 =(0,00)
o Sy = (—2i,2i)
o S3= (®1(~2j), 21(2))) = (L(6i - 8)), 1 (6i + 8)))
e S5, =
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Possible Parameters?

Example Pentagon in H*

Parameters g1, q2 € V3 =R+ Ri+ Rj C H
Choose g1 = 2i, g = 2j
e So=(-1,1)
e 51 =(0,00)
o Sy = (—2i,2i)
o Sy= (271(~2)),871(2))) = (L(6i — 8)), (6 +&)))
@ S, = common perpendicular to S3 and S
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Sketch

o0
S
AT\ S
50 2i
— 0 1

—2i
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Sketch

Simon T. Drewitz (University of Fribourg) On Right-Angled Polygons January 17, 2018



Sketch
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Necessary Condition for Polygons with Full Span

If the parameters g1, ..., gp—3 give rise to a right-angled polygons such
that the intersections are the vertices of a simplex, then

<]-a ai, .., qp*3> = Vp_2'
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